Finite volume cusp manifolds, Weyl law, Bérard remainder, scattering phase, resonances.
Introduction
In this paper, we aim to give precise spectral counting estimates for the Laplacian of some finite volume manifolds with cusps. Such a manifold (M, g) can be decomposed as a compact part with boundary M 0 , of dimension d + 1, and cusps Z 1 , . . . , Z κ with
where Λ is a lattice in R d+1 of covolume 1. Such a manifold has finite volume. We denote the laplacian ∆ with the analyst's convention that −∆ ≥ 0. We let y 0 = max i a i .
On a compact manifold, the Laplacian only has discrete spectrum, with eigenfunctions and eigenvalues. On the other hand, for a non-compact manifold, continuous spectrum appears. Thanks to the properties of the cusps (and in particular, the finite volume), cusp-manifolds come close to being compact, and they are in some sense a toy model to understand what exactly happens when creating a small non-compacity.
Before we can state the problem precisely, we have to introduce some terminology from Scattering Theory. What we learn from the theory is the following -see [LP76] , then [CdV81, CdV83] and [Mül83, Mül86, Mül92] . The laplacian has both continuous and point spectrum. The discrete spectrum consists of a discrete set σ pp of real numbers λ 0 = 0 < λ 1 < · · · < λ n < . . . . This set may be finite or infinite, and each eigenvalue has finite multiplicity. The continuous spectrum has multiplicity κ, the number of cusps. To each cusp is associated a meromorphic family of generalized eigenfunctions E i (s) called the Eisenstein functions. Additionally, the resolvent If d 2 /4 + r 2 is a discrete eigenvalue λ i , then d/2 + ir is in the resonant set. The other elements of the resonant set are the poles of the family of Eisenstein functions. They are also the set of poles of a meromorphic function ϕ called the Scattering Determinant, see §2.1 for a definition. On the axis {ℜs = d/2}, this function can be written ϕ(d/2 + ir) = e 2iπS(r) , where S(r) is a real, analytic function, called the Scattering Phase.
1.1. Long time behaviour of the wave equation and resonances. To each element s of the resonant set is associated a vector space of smooth (non necessarily L 2 ) eigenfunctions. These eigenfunctions give fundamental solutions to several classical equations on the manifold -let us consider the wave equation.
The number η(s) = d/2 − ℜs is the parameter that describes how much the behaviour of these solutions differ from compact cases, in large time. The non-compactness of the manifold allows for energy leaking out of the manifold, and η is the rate of exponential decay of the solutions associated to that eigenspace.
As a consequence, to understand long time behaviour of solutions to the wave equation, one way is to determine the distribution of η(s) when s ∈ Res(M, g). In particular for values of ℑ(s) -which is in general a frequency -around a given T .
Instead of considering a cusp manifold, let us consider for a moment a manifold that would be a compactly supported small enough perturbation of the euclidean space. Then, with a similar formalism, one can consider its resonant set, and its resonances. Then one can prove that there is a zone of logarithmic size near the continuous spectrum with no resonances (see [Vaȋ77] ). That means in particular that solutions of the wave equation decrease exponentially in time, and the rate increases with the frequency. This can be related to the fact that there are no trajectories of the geodesic flow on that surface that are trapped.
On the other hand, for cusp manifolds, almost all trajectories are trapped in the manifold (they will pass through the compact part M 0 an infinite number of times). As a consequence, one expects a behaviour closer to the compact manifold, i.e, that there are resonances near the spectrum. In particular, although solutions to the wave equation may decrease exponentially in time, the rate of decay will be very small at high frequency.
1.2. Results. Let us state our main theorems. First, define the counting function for the point spectrum where S is the scattering phase, alluded to in the introduction, that we be defined in §2.1. Our first result is more of a remark:
Theorem 1. Let M be a finite volume manifold with κ cusp. Then the Fourier transform of N ′ (T ) is a tempered distribution, whose singular support is the lengths of periodic geodesics on S * M .
This theorem is just a direct extension to manifolds with cusps of the result of Chazarain [Cha74] for compact manifolds. Concerning estimates of N (T ) under different assumptions on the manifold M , we get Theorem 2. Let M be a finite volume manifold with κ cusps, of dimension d + 1. In decreasing order of generality,
• If one assumes that the set of periodic geodesics has measure zero in S * M , then
• Finally, if M is negatively curved, or in dimension 2, if the geodesic flow has no conjugate points,
Observe that the lower order terms are bigger than the remainder only when d = 1.
Selberg proved the last result for constant curvature surfaces (see [Sel89b] for a statement). Then Müller [Mül86] identified the leading term in the variable curvature case (and also in higher dimensions). For surfaces again, Parnovski [Par95] obtained the first and second estimate. The third estimate is the equivalent for cusp manifolds of the result of Bérard [Bér77] for compact manifold.
Selberg proved that for constant curvature surfaces, the resonances are contained in a vertical strip near {ℜs = 1/2}. I extended that result to a set of negatively curved metrics G(M ) in [Bon15] . When there is only one cusp, G(M ) is the whole set of negatively curved cusp metrics. When there are more than one cusp, it contains the constant curvature metrics, it is open in C 2 topology on metrics, and its complement has infinite codimension in C ∞ topology. For every metric g ∈ G(M ), there is δ > d/2 such that for some ǫ > 0, we have
As we will recall at the start of section 3, this result is related to the existence of several Dirichlet series {L i }, and in particular the most important, L 0 , that writes
The constants a 0 k and ℓ k have a dynamical interpretation in terms of scattered geodesics, see [Gui77, Bon15] . The first non vanishing term in the sum is a 0 * e −sℓ * (see the § after equation (45)). The set G(M ) is the set of metrics such that L 0 is not identically zero. We prove here Theorem 3. Assume g ∈ G(M ). Then we have the following estimate. First, for the resonance away from the vertical strip
Actually, we have the more precise estimate: for every 0 < ǫ < 1,
Now, for the resonances in the strip,
ℜs≥d−δ,0<ℑs≤T
and the main estimate,
Again, for constant curvature surfaces, this is due to Selberg. Still for surfaces, but with variable curvature, Müller observed that the leading term in the counting function should be the same, and Parnovski gave a bound on the remainder of size O(T 3/2+ǫ ). In [Bon14b] , I proved that actually, the remainder is O(T 3/2 ). This result can be generalized to any dimension, as the missing ingredient was the estimate (6) in higher dimension Theorem 4. Let M be a manifold with cusps of dimension > 2. Without further assumption,
We also have the local estimate
Remark. 1.3. structure of the paper. Section 2 will be devoted to the proof of theorem 1 and 2. The main emphasis is made on the third estimate in theorem 2. It is an elaboration on the techniques of Bérard [Bér77] , who gave an equivalent theorem for compact manifolds. His proof was a clever adaptation to variable curvature of ideas from the proof of Selberg (that uses the Trace Formula). Then we obtain the first part of theorem 2 as a corollary of the previous work. At last, recalling some facts from the article of Duistermaat and Guillemin [DG75] , we sketch proofs for theorem 1 and the second estimate in theorem 2.
In section 3, we will turn to the proof of theorem 3. The proofs mostly use techniques from complex and harmonic analysis. For a good part, the reader acquainted with Selberg's methods will recognize familiar tricks.
The proof of theorem 4 will be found in the last section.
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A Weyl asymptotics for the scattering phase
As announced, in this section, we will give Weyl-type asymptotics for the scattering phase, for negatively curved cusp manifolds (the third part of theorem 2, which was the original motivation for this paper). The main idea is to express the quantity we seek to evaluate as some integral involving the trace of the wave group. Then we use the Hadamard parametrix for the wave kernel to obtain an expansion.
In the case of compact manifolds, the trace of the wave group is a well defined distribution. However, for our non-compact manifolds, we have to change the definition of the trace and replace it by a 0-trace. This is explained in 2.1, where we prepare the stage for the rest of the proof. In the next section 2.2, we recall the construction of the Hadamard parametrix on the universal cover of the manifold. Then, in 2.3, we evaluate contributions from different elements of the fundamental group. Then comes the conclusion 2.4.
As a corollary of the proof, we obtain a Weyl law for general cusp manifolds (without assumption of curvature) by inspecting only the singularity at 0 of the wave-trace. At last, we sketch proofs for theorem 1 and part 2 of 2.
2.1. The wave trace and Weyl estimates.
2.1.1. Some spectral theory. Let {u λ } be an orthogonal family of L 2 eigenfunctions of ∆ that generate the pure point spectrum part of L 2 (M ).
The Eisenstein functions E(s) = (E 1 , . . . , E κ (s)) (alluded to in the introduction) form the only meromorphic family of eigenfunctions of M such that
where E j (s) 0,Z i is the zeroth Fourier mode of E i in Z j , and E a 0 is the function on M that equals the zeroth Fourier mode of E(s) for y > a in the cusps, and vanishes elsewhere. The matrix with coefficients φ ij is denoted φ(s) (the Scattering Matrix ) and its determinant is the scattering determinant. It is meromorphic, and from the definition of E, we find
and that on ℜs = d/2, |ϕ(s)| = 1.
Then, one can show that for every f ∈ C ∞ c (M ) (see [Mül83, eq. 7 .36]),
2.1.2. The 0 trace. Now, we want to define a replacement for the trace of the wave group, and relate it to the spectral quantities. First, we observe that T r · cos
provided the RHS makes sense in S ′ (R), which we check now. The first term is the easiest one. Indeed, take ψ ∈ S(R). Then, integrating ψ against the first term, we find
where the c λ are constants bounded by χ ∞ /2. This defines a continuous functional on Shwarz functions because we already know there is at most CT d+1 eigenvalues smaller than T 2 (see [Mül86] ).
Next, we turn to the second term. Assume χ vanishes for y > y 1 , with y 1 ≥ y 0 . We can bound χE, E by (1 − Π 0 y 1 )E, E , where Π 0 y 1 is the projection on the zeroth Fourier mode in y ≥ y 1 -so that E
Since the expression is a Fourier transform, it suffices to show that the following is in S ′ (R) :
Setting y 0 = e τ , from the Maass-Selberg relations (see equation (54) in the second half of the article), we find that
In the RHS, the first term is a constant in r, the second is −2πS ′ (r), and S is a tempered function. One can check that the last term is continuous at r = 0, hence a smooth, bounded function of r (for bounded τ ). This proves Lemma 2.1. The trace
is well defined.
To compute the actual wave trace, we should integrate our distribution against 1 as a function on M . However, this is not well defined. So we replace 1 by 1 τ := 1 − Π 0 e τ , and we try to find a limit when τ → ∞. Actually, there is no limit but an expansion κδτ + c + o(1), where c is a constant (in the τ variable). We call c the 0-Trace. For a more detailed exposition of the 0-Tr, one may consult [GZ97] .
Lemma 2.2 (Trace formula 1). We have, for ψ ∈ S(R) real and even,
Proof. Let ψ ∈ S(R) be real and even. Using (19),
The coefficients c(τ, λ) go to 0 as τ → +∞. Denote the last integral by I. If we compute ∂ τ I, we find
In particular, I has limits for τ → ±∞. But, as ψ is real and even,ψ also is. Hence, I is real and I(−τ ) = −I(τ ), so
We deduce that as τ → ∞,
This is what we wanted to prove.
If we replaceψ by 1(|r| ≤ T ) in the RHS of (20), we obtain the LHS in the equations of theorem 2. We will see later how to go fromψ to 1(|r| ≤ T ). However, for now, we want to compute asymptotics for the 0-trace of cos t −∆ − d 2 /4, i.e. the LHS of (20). Let K(t, x, x ′ ) be the kernel of cos t −∆ − d 2 /4.
Using dominated convergence, it is possible to replace 1 τ by 1{y ≤ e τ } in the formula, and not change the result in (20). We deduce that (21)
In the rest of the section, ψ is an even compactly supported Schwartz function. Since we wantψ to approach 1(|r| ≤ T ), eventually, we will take A > 0, and consider ψ of the following form
where ρ ∈ C ∞ c (R) is even, compactly supported, and constant equal to 1 near 0. We will be interested in the scaling A ≍ 1/ log T when the curvature is negative (or when there are no conjugate points when d = 1), and A ≍ 1 in general.
2.2. The Hadamard parametrix. From now until section 2.4.2, we assume that the curvature of the manifold is non-positive (or again, the absence of conjugate points if d = 1).
Building the approximation on the universal cover.
Originally, we wanted to use the usual Hadamard parametrix, just as in Bérard. However, doing this, a remainder appears, and it is not obvious that it is trace class. To avoid such a discussion, we found it was simpler to use a version of the Hadamard parametrix tweaked to our needs. Instead of being modelled on the Euclidean space, it is modelled on the hyperbolic space. For lack of a reference, we recall its construction.
First, we define an approximate kernel on the universal cover M of M . Let K be the kernel of cos t −∆ − d 2 /4 on M .
We have to introduce a bit of notation. We follow Bérard (or, if you will, [BGM71] ). If
is the riemannian distance between them. We also let
For fixed x, ∂/∂r is the unitary vector field along geodesics from x, and
From this identity, one may compute Θ in the case of the real hyperbolic space. It is only a function of r, and we denote it by Θ 0 . One finds that
We define a family of tempered distributions on R in the following way. If s ∈ R, s + is its positive part. For α ∈ C,
In particular, we have sM α−1 (s) = αM α (s).
The wave equation propagates at speed 1. That is to say that K(t, x, x ′ ) is supported for d(x, x ′ ) ≤ t. Additionally, the singular part of the kernel is supported exactly on {d(x, x ′ ) = t} (see [Tay11] ).
The point of the Hadamard parametrix is to expand the kernel of the wave operator in powers of (t 2 − r 2 ) + . However, the first terms in the development have to be negative powers. To define them as distributions, we have to interpret (t 2 − r 2 ) −n
In the case of the real hyperbolic space, it is convenient to replace t 2 − r 2 by cosh t − cosh r. That is, we are looking for an expression of the kernel in the form
where we are summing over k 0 + N, k 0 ∈ R. Obviously such an expansion cannot be exact, but let us do a formal computation.
We compute
If we sum up the computations,
We deduce that
This is a nice family of transport equations. Now, we need to determine k 0 . Since we require that the limit when t → 0 is δ(x, x ′ ), by a dimensional analysis, the sum has to start at
The solution to the system is: for k > 0,
where the parameter s describes the geodesic between x and x ′ , travelled at speed 1. When the curvature around the geodesic from x to x ′ is constant equal to −1, u k vanishes at (x, x ′ ) for k ≥ 1, and u 0 = 1.
The following lemma is crucial.
Proof. From the formula defining the u k , one can see that it suffices to prove the estimates for u 0 (proceeding by induction on k). Hence it suffices to prove the formula for 1/ √ Θ, which was done in the appendix in Bérard [Bér77] .
As the sum does not converge, we define the cutoff sums
Lemma 2.4. There is a constant C 0 only depending on the dimension, so that for
The constant C 0 depending only on the dimension, we can compute its value in the case of contant −1 curvature. But that value can be found (for example) in [BO94] , page 360, in proposition 2.1. We get
The computations needed to check the limits at t → 0 can be found in [Bér77] .
2.2.2.
Summing over the fundamental group. Now, we denote by Γ the fundamental group of M , and define for N ≥ 0,
For each x, x ′ , the number of non-vanising terms is finite, so this is well defined. Since it is bi-invariant by Γ, it defines a kernel on M , that we still denote by K N . The associated operator on 
, it suffices to prove the same type of estimate for V N (t). We need Lemma 2.6. Let L(x, x ′ ) be the kernel of some operator on L 2 (M ). Assume that We will give the proof of this fact later. We try to estimate the quantity C for V N . This gives
where D is a fundamental domain for the action of Γ on M . We can rewrite this as
Since the curvature is constant −1 in the cusp, K N vanishes for y, y ′ bigger than y 0 e |t| . Hence, this is bounded by
Now, D has finite volume, and we can use formula (26). The desired quantity is thus up to some constant less than
Since the curvature of the manifold is bounded by below, we have uniform exponential estimates of the growth of the volume of balls in M . Using lemma 2.3, we deduce that
For the continuity of the remainder, it suffices to observe that the same trace estimates hold for ∂ t R N . lemma 2.6. We start by recalling the estimate 9.4 from Dimassi-Sjöstrand [DS99] . According to this, if L 1 is the kernel of an operator L 2 (R n ) → L 2 (R n ), the trace norm of the operator is bounded by
We can use this to prove that if L is supported only on M 0 , the lemma holds. Hence, we only have to consider operators that map functions on the cusp to functions on M 0 , or functions on the cusp to functions on the cusp. We will only do the former, as the two cases are very similar.
Up to taking some charts, we can assume L is an operator from
Then we consider the operators Lχ n with kernel L n := L(x, x ′ )χ(2 −n y ′ ). We want to estimate the trace norm of each of these pieces. Each of them is an operator from L 2 ({2 n ≤ y ≤ 3×2 n }) to L 2 (U ). We define T n f (y, θ) = 2 −n/2 f (2 −n y, θ). This defines a unitary operator from
Then, we have
Summing over n yield exactly the desired estimate.
With lemma 2.5 in mind, we rewrite the RHS in (21) as
Let D τ ⊂ D be the part of D ⊂ M that projects to {y ≤ e τ } in M . The expression in brackets in the equation above is
2.3. Estimation of contributions to the trace. The main term in the last expression corresponds to γ = 1, the diagonal term. To estimate the other terms, we recall some facts on the action of Γ. First,
By π(x, γx) we refer to the projection of the geodesic between x and γx in M . By {π(x, γx) ⊂ Z i , i = 1 . . . κ} we mean that this geodesic of M does not remain in any one cusp.
Next, if d(x, γx) < R 0 with γ = 1, then x has to be in an open set U 0 of M that is isometric to U y 0 := {x = (y, θ) | y > y 0 } in the half-space model for the hyperbolic space, with the half-space hyperbolic metric ds 2 = y −2 dx 2 . Then the restriction of the action of γ to U y 0 is a translation in the horizontal direction.
The set of γ that have such behaviour when restricted to U 0 is the set of γ that preserves U 0 , and it is a subgroup isomorphic to Λ i . The i index refers to the index of the cusp onto which x is projected under M → M . (Recall that Λ i is the fundamental group of the cusp Z i ). From now on, we will see Λ i as a lattice in R d .
We let θ be the horizontal coordinate (θ ∈ R d ). For future reference, we know that
Last, using the convergence of Poincaré sums, it is classical to observe that for given x ∈ M , the number of γ such that d(x, γx) ≤ t and such that π(x, γx) does not remain in a cusp, is bounded by Ce O(|t|) , where the constant C > 0 does not depend on x.
Also recall that
where A ≍ (1/ log T ); ρ is smoothly compactly supported in ] − 1, 1[, is even, and flat equal to 1 around 0. With these assumptions, the last term in (28) can be bounded:
2.3.1. The diagonal term. We prove Lemma 2.7. Assume that ψ takes the form above. Then,
where
Proof. First, we write out the LHS in the lemma as the sum of
for k = 0, . . . , N . This is
The functions x → u k (x, x) are bounded, hence integrable. Let us separate the time integral into two parts, using 1 = ρ(t) + 1 − ρ(t). When k ≤ d/2, the part of the integral supported away from 0 is O(1) as T → +∞. When k > d/2, it can be bounded above by
We are left with the following integrals
where W ∈ C ∞ c (] − 1, 1[) is even and ǫ(t) is the sign of t. Hence it has an expansion in powers of T as T → ∞, the main power being T d+1−2k , and all powers having the same parity.
2.3.2.
The contribution of the cusps. From the discussion on points x such that d(x, γx) < R 0 , we know that each cusp Z i contributes a term to the trace (32)
Lemma 2.8. If one replaces y 0 by 0 in equation (32) the result is
Here, the constant C 1 (Λ i ) only depends on the lattice Λ i :
The constants are defined in the proof, see equations (34), (36) and (37).When d = 1, C 1 (Z) = 1 − log 2. When d > 1, this contribution will be smaller than the O(T d ) remainder.
Proof. We consider the big integral in (32), and first make the change of variables u = |γ|/y. We find a new expression
Let ψ(v) = ψ(t(v)), where cosh t − 1 = v. We can rearrange the above expression in the following way (beware of the integration by parts):
Using simple arguments of comparison between series and integrals, one finds that for fixed u = 0 and τ → +∞, (34)
where γ(Λ i ) is a constant a priori only depending on Λ i (when d = 1, it is just the EulerMascheroni constant). When τ → ∞, we hence find an expression of the form aτ + b. The expression of a:
Now, let w = u 2 /2. The last expression becomes
Now, we make a distinction. If d is even, integrating by parts, since M −1 = δ, this reduces to ψ(0) = ψ(0). When d is odd, the result is the same. Indeed, integrating by parts, we find
As could be expected, it is the contribution from the cusps that creates the divergence as τ → +∞. Now, remember we are looking for the result of the renormalization, that is, the constant b. Its expression is
Changing again the parameter with w = u 2 /2, this is found equal to
The constant term contributes in the final expression by T π 1 2 log 2 + γ(Λ i ) .
On the other hand, in the contribution from the log term, change variables again with v + w = V , and w = V x with x ∈ [0, 1], and V ∈ R + . It becomes
This integral is well defined as we are taking the product of distributions that are not singular at the same points, and the result is a compactly supported distribution (in x). From here, the next step is to compute the integrals
After ⌊d/2⌋ integration by parts, we find that the first one was already computed, and is equal to 1. Hence, we have a final term
The other x integral becomes, when d is even,
On the other hand, when d is odd, it is (37) 2
− 2 log 2.
Call this constant 2C(d). The final contribution will be
Before we conclude, we have to estimate the contribution from (35), which contains the T log T term. We come back to the t variable, with cosh t − 1 = V .
This gives a T log 2/(2π) term, and
We can insert in the differentiated expression 1 = ρ(t) + (1 − ρ(t)). The second term is a o(1/T ), as we recognize the Fourier transform of a smooth, L 2 function, whose derivative is in L 1 . We are left with
Now, we change variables u = tT , integrate by part and find
We recover the main term −T log(2T )/π, and
Both the (1 − ρ) and the u/T term will only contribute by O(1). So the last integral we have to compute is T π lim ǫ→0 + +∞ ǫ sin u u 2 du + log(ǫ) To compute this last constant, one may use Cauchy's theorem, shifting the contour of integration to iR + ; this gives 1 − γ. Then, the value of the constant b is found to be
In particular, for d = 1, we do get to 1−log 2 (which is the value computed by Selberg).
The other terms.
There are two contributions left to compute. The first one is
The other one is the sum over k = 1, . . . , N of (up to some constants)
These are remainder terms, as we will see. The first step is the following: assume R > R 0 , then we consider
We insert the cutoff 1 = ρ(t − R) + 1 − ρ(t − R). The part 1 − ρ(t − R) only contributes O(T −∞ )e O(R) (it suffices to integrate by parts, and recall that the only R's that contribute are O(1/A)). We are left with the ρ(t − R) part. In the interval where this integral is supported, we can write
with W (t − R, R) uniformly bounded (and W (0, R) = 1). Hence
As a consequence, I is the imaginary part of
(actually, I has an expansion in powers of T −1 ).
From this bound, we deduce that the quantities in (38) and (39) contribute to the trace by O(T d/2 )e O(1/A) . Indeed, first for (38), that contribution is bounded by
It suffices to see that
Now, for (39), we use the fact that the number on non vanishing terms in the sum is O(1)e O(1/A) , and lemma 2.3 directly.
2.4. The conclusion. We can now complete the proof.
When the curvature is negative.
When the curvature is negative, we gather all the different pieces above:
When taking A to be a sufficiently big multiple of 1/ log T , we can get e O(1/A) = O(T ǫ ) for any fixed ǫ > 0. Recall N (T ) is the counting function defined in (5):
From the definition of ψ, we deduce that the quantity in the LHS of (40) is, up to O(1),
From equation (57) (in the second part of the article), we deduce that N = P + f where P is a O(T d+1 ) polynomial and f is an increasing function. We can choose ρ to be non-negative, so we have for x > A/2,
by repeating the argument for f (T ) − f (T − x) (x < −A/2) we deduce that for all x ∈ R,
Now, the same is true for N (T ), and we find
This ends the proof of the third estimate in theorem 2. Indeed, to identify the constant c 0 in the RHS of (40), it suffices to check the equivalent given by Müller in [Mül86] . That is,
2.4.2.
Without assumptions on the curvature. Now, we do not assume anymore that the curvature is negative, or that there are no conjugate points. First, we give the usual Hörmander bound on the remainder in all generality, and then, we turn to some Duistermaat-Guillemin type results.
A Hörmander type remainder
The compact part of the manifold always has a positive injectivity radius r > 0. Hence, we can still build a Hadamard parametrix for times |t| < r. One can check that all the arguments above apply, albeit replacing A = c/ log T by a fixed A > 0 sufficiently large. From that, one deduces that with no assumptions on the curvature,
Using the same argument as above, one finds
, which proves part 1 of theorem 2.
A Duistermaat-Guillemin approach. Let us follow the argument in the classical article [DG75] , itself inspired by the earlier work of Chazarain [Cha74] and Hörmander [Hör68] (among others). The point of the article is to observe that for a compact manifold X, exp{it √ −∆ + c} is a Fourier Integral Operator (when c is some positive constant). The canonical relation associated to the operator is
From there, they deduce that the singularities of Tr e it √ −∆+c ∈ S ′ (R) are the lengths of periodic geodesics of the geodesic flow.
Following [DG75] , let us denote Q = −∆ − d 2 /4. The arguments to prove that U (t) := e itQ is a FIO, are based on the fact that Q is pseudo-differential, and local arguments. According to [Bon14a] , with respect to the appropriate Pseudo-differential calculus, Q is also pseudo-differential in the case of a cusp manifold. This enables one to use the local considerations in [DG75] to show that, given y * > 0 and T > 0, the behaviour of U (t) on {|t| ≤ T, y(x) ≤ y * , d(x, x ′ ) ≤ |t|} (which is a compact set of R × M × M ) is that of a FIO, with the same relation. See for example [Zel92] , for similar considerations.
To prove the results we seek, we are only interested in cos tQ, which has finite speed of propagation. This ensures that, again, the contributions to the 0-trace of the cusps will be the same as computed in section 2.3.2. That is, the cusps merely modify the singularity at zero of the Fourier transform of N ′ , but do not create new singularities.
This proves in particular that the singularities of the Fourier transform ofÑ ′ are indeed the length of closed geodesics (theorem 1).
It also shows that if the measure of the set of periodic geodesics with length ℓ is zero, then the contribution toÑ (T ) of the singularity at ℓ will be o(T d ) (just as in theorem 3.5 in [DG75] ). Hence, if we smooth outÑ (T ) by convolution with ρ A with arbitrary large fixed A, we obtain a o(T d ) remainder. This is enough to obtain part 2 of theorem 2.
Counting resonances in negative curvature
Now, we turn to the second part of the main theorem. In this whole section, we assume that the curvature of g is negative in M . According to the relation (17), we deduce that counting the poles of ϕ(s) in {ℜs < d/2} is the same as counting the zeroes of ϕ in {ℜs > d/2}. So, from now on, we will work in {ℜs > d/2}, and will be interested in the zeroes of ϕ.
From [Bon15] , we recall that there constants δ g > d/2 and T # and Dirichlet series L 0 , L 1 , . . . , that converge absolutely for ℜs > δ g such that when ℜs > δ g
We can denote the coefficients of the L i 's in the following way:
It is possible that a 0 0 vanishes, so we let n * be the smallest integer n such that a 0 n = 0. Then we let ℓ * = ℓ n * and a 0 * = a 0 n * . I gave a proof that the set G(M ) of negatively curved metrics g such that L 0 is not identically zero (i.e, n * < ∞), is open in C 2 topology, contains the constant curvature metrics, and its complement has infinite codimension in C ∞ topology. 
and (P 2) log |ϕ(s)| = − κ 2 log |s| − bℓ * + log |a
These are the properties that we will actually use in the proof.
3.1. Preliminaries. Before we turn to the actual proof, we recall some useful facts. First, we review lemmas of harmonic analysis useful when counting the zeroes of holomorphic functions. Then, we recall the Maass-Selberg formula, and give a full factorization for the scattering determinant.
3.1.1. Some lemmas from harmonic analysis. Let us start with some abstract lemmas on zeros of holomorphic functions. Take F a function holomorphic in a neighbourhood of a half plane {ℜz ≥ a}. All sums are over the zeros of F , denoted by z = β + iγ -following Selberg's notations. When a zero is sitting on the boundary of the counting box, it is counted with half multiplicity.
Lemma 3.1 (Carleman'). Assume b > a, and T > 0, and assume that F does not vanish on {ℜz = b}. Then
Now, additionally assume that a = d/2, that |F | = 1 on the axis {ℜs = d/2}, and that F is real on the real axis.
Lemma 3.2 (Counting in big rectangles
Lemma 3.3 (Counting in small rectangles). Take c > 0. For T > 0,
Proof. These three counting lemmas are obtained by considering the fact that log |F | is a harmonic function where F does not vanish. Hence, if u is another harmonic function on some open set Ω, such that F does not vanish on ∂Ω, by Stoke's theorem,
If F vanishes on the boundary of Ω, by removing small half disks around those zeros, one find that they are counted with multiplicity 1/2, in a similar formula.
For 3.1, we consider u(z) = − log |z − b|/T , and integrate on the boundary of the half-disk. For (48), we take u(z) = (T − ℑz)(ℜz − 1/2), and finally u(z) = cos(c(ℑs − T )) sinh(c(ℜz − 1/2)) for (49).
The estimates on counting in boxes are similar to equations (1.1) in [Sel89b] , and lemma 14, p. 319 in [Sel89a] . The Carleman' lemma is reminiscent of the usual Carleman theorem [Tit58, §3.7] . Last of this section is
Proof. Since L converges absolutely in the region we are considering, we can write
where the c k 's are real, the λ k 's are real, ordered, and strictly greater than 1, and the sum converges normally. So we can estimate
Since all λ k 's are bigger than λ 0 > 1, and since |c k | < ∞, we conclude.
The Maass-Selberg relations.
Lemma 3.5 (Maass Selberg). Take y > 0 big enough. The scattering determinant satisfies
In particular, |ϕ(s)| is bounded in the vertical strip {d/2 < ℜs < b}, away from eventual
Proof. To prove this, we use the Eisenstein series. For each cusps Z i , recall E i (s) is a meromorphic family of smooth functions on M that satisfy
Additionnally, the zeroth Fourier coefficient of
We denote by W (s, y) the matrix whose coefficients are the f ij . Let Π * y 0 be the projection on functions whose zero Fourier mode vanishes for {y > y 0 } in all cusps. Then we define G y i (s) = Π * y E i (s). We set to prove the Maass-Selberg formula. Actually, the proof of constant curvature works out identically. We differentiate (52) with respect to s, and we use Stoke's formula again to obtain
The sum in the RHS is the (ij) coefficient of the matrix
We deduce that there is a anti-meromorphic function A(s) such that
Let V (s) be the matrix with coefficients G
We deduce that A(s) vanishes on the unitary axis 2ℜs = d, and thus has to vanish identically.
(Maass-Selberg Relation)
The matrix on the LHS is non-negative, so that as a hermitian matrix,
This formula is true as long as we are still in the cusp, with constant curvature. That is, we cannot take y arbitrarily small.
Observe that taking the limit ℜs → d/2, we find
Since φ is unitary on the unitary axis, φ ′ φ * is self-adjoint, and we recover the classical
3.1.3. Factorization. To readers accustomed to scattering theory in one dimension, the following lemma will not be a surprise Lemma 3.6. There is a polynomial Q of order at most 2⌊d/2⌋ + 1, such that
Additionnaly, Q is real for ℜs = d/2, and Q(s) + Q(d − s) is constant. We also have
This lemma is due to Müller [Mül92] in the case of surfaces (and Selberg for hyperbolic surfaces). Actually, the proof of Müller easily extends to the higher dimensionnal case. We will not discuss it further.
A consequence we used in part 1 is the following:
Observe how the second summand in the RHS is a negative function.
3.2. Two estimates. Before proving the actual Weyl law in the strip, we give two remarkable bounds on other counting quantities. First, we deal with resonances that are not in the strip, and then we give an asymptotics for a weighted counting function. The latter is crucial for the proof of the Weyl estimate.
3.2.1. Counting resonances far from the spectrum. In this section, we only use (P 1). We deduce from lemma 3.1 applied to ϕ that 2π ℜs>b,|s−b|<T
From the Maass-Selberg estimate (lemma 3.5), we deduce that the second term is O(T ) (the log of |ϕ| is bounded by a O(T ) term, and a log sin θ). The third is a constant, and the first one is O(T ) by (P 1) (because (P 1) implies that ℜϕ ′ /ϕ is bounded on {ℜs = b}). Hence
Still using the Carleman' estimate, we can give an additionnal statement. Let α ≤ 1. Then, for ǫ < 1, we have 2π
According to property (P 1), the first term is O((ǫT ) α ). Using property (P 2), we see that the last term is O(log T ). According to lemma 3.5, we find that the second term is less than
.
3.2.2. Counting with weights in vertical strips. Now, we will use both (P 1) and (P 2). Using lemma 3.5 again, we see that there is a constant C > 0 such that
The counting in small rectangles enables us to also have a lower bound. Indeed, we proceed as in Selberg [Sel89b, p.21] The LHS in (49) is always positive, so we write
Property (P 1) implies that the first term in the RHS is O(1) (ℜϕ ′ /ϕ is bounded on ℜs = b). Then, (P 2) implies that the second term is O(log T ) (since log |ϕ| = O(log T ) on ℜs = b).
Using the upper bound (60) on log |ϕ(z)| given by Maass-Selberg, we find for some constant C > 0 depending on c,
Now, we use again the upper bound of ϕ: for some c ′ > 0, |ϕ(x + iT + iπ/c)| ≤ 1/c ′ for all d/2 < x < b and T ∈ R. So that for some constant C > 0,
We conclude that
Applying (49) (counting in small rectangles) again, still with the notation that the zeroes of ϕ are s = β + iγ, we see that
Now, we apply equation (48) (counting in big rectangles) for ϕ at T and at T + 1, and we subtract the two equalities. We obtain
where the remainder R is
In R, the first term is O(log T ) by (62). The second one is O(1) by (P 1), and the last one is C log T + O(1) by (P 2).
In the RHS of (63), equation (61) proves that the second term is O(log T ). For the first and third terms, we can use lemma 3.4, (P 1) and (P 2) to see that
for some constant C. This is the estimate we sought.
3.3. A Weyl law in the vertical strip. To obtain a Weyl law for the resonances, we follow again Selberg's ideas.Let
The first step is the following 
Proof. First, we observe that
In the RHS, all the terms in the sum are positive, so 1 2π
However, when |ρ − d/2 + iT | ≤ 2/ log T ,
Whence we deduce that the number of resonances in the half ball of radius 2/ log T , centered at d/2 + iT is bounded by
according to the Weyl law proved in the first part of the article. To finish the proof of our lemma, it suffices to prove that
However, according to (62) this quantity is bounded above by
and this is a better bound than we need. 
From the result of the first part of the article, the first term in the RHS is (66) vol(B * M ) (2π) d+1 T d+1 − κT π log T + κ(1 − log 2) π T + O(T d / log T ).
Using (P 1), one can see that the second term is ℓ * T /(2π) + O(log T ).
Thanks to lemma 3.7, to prove the Weyl estimate of resonances, it now suffices to find for each T a T ′ such that T − T ′ = O(1/ log T ), and such that the Weyl estimate holds for T ′ . That is, to obtain the result we seek, we only have to prove Lemma 3.8. For T big enough, there is a T ′ such that T − T ′ = O(1/ log T ), and
where Q 2 is a polynomial of order at most 2⌊d/2⌋ − 1.
This estimate shows that, to some extent, improving the remainder in the continuous Weyl law of part 1 automatically improves the Weyl law for the resonances. This was pointed out by Selberg.
Proof. Again, we use the decomposition 3.6 for ϕ ′ /ϕ as a sum over the resonances and a polynomial term. We will deal first with the polynom. Then we will bound the contribution from resonances out of the strip, and then we will come back to resonances in the strip.
The polynomial contribution is
However, since Q is polynomial of order at most 2⌊d/2⌋ + 1, and real for ℜs = d/2, the RHS here is a polynomial of order at most 2⌊d/2⌋ − 1. Let us call it Q 2 (T ). For the resonances out of the strip that satisfy |s T − ρ| ≤ √ T , from (59), we know there are at most O( √ T ), and for them |s T − ρ| > log T (thanks to the logarithmic size of the resonance-free zone). In particular, their total contribution is O( √ T / log 2 T ). Hence, the total contribution of resonances out of the strip is O( √ T ). Now, we turn to resonances in the strip. Here, we follow Selbergs argument closely. Let H > 1, and assume H < |s T − ρ| < 2H. Then |ℑ(s T − ρ)| ≈ |s T − ρ| and
H<|s T −ρ|<2H
Summing this for H = 2 n , n ≥ 0 proves that
So far, we have proved that for all T , 
